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Abstract 
This paper develops and optimization procedure for estimating the capital stock using 
time series data on GDP, labor, and gross fixed capital formation. By minimizing the gap 
between observed and attainable GDP, subject to the constraint that capital grows 
according to the perpetual inventory formula, and GDP is related to employment and the 
capital stock through the Cobb-Douglas production function with constant returns to 
scale; the optimization procedure yields estimates of the capital stock, the production 
function parameters, the rate of capital retirement and depreciation, and the rate of total 
productivity growth.  
Keywords: Stock of Capital, Production Sectors MENA Countries, Dubai, EAU 
JEL Codes.  
 
1. Introduction 
  
      The stock of capital can be measured either directly through surveys, published 
company accounts, balance of fixed assets, and administrative records (OECD, 2001); or 
indirectly through the Perpetual Inventory Method (PIM) introduced by Goldsmith 
(1952). In either case, the basic idea is to start with a benchmark year, cumulate past 
investments, and deduct assets that are no longer in use. However, because of the 
expense, practical difficulties, data and measurement problems associated with using 
direct methods to capital stock estimation, PIM is the most commonly used. 
 
      Its simplicity notwithstanding, PIM capital estimates are prone to error and are not 
insensitive to the different methods for estimating benchmark capital, and depreciation 
and retirement rates for assets. The literature is replete with attempts to refine those 
methods, especially with regards to capital replacement and depreciation (e.g., Epstein 
and Denny, 1980; Edward, 1983; Hernandez and Ignaci, 2005; Terregrossa, 1995). Still, 
without data on the amount of capital actually retired, the capital estimates are simply 
historical series of investment rather than capital stock (Miller, 1990). This makes their 
value to growth accounting questionable. By not knowing how much was invested to 
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replace old capital and how much to augment the capital, production function estimates 
using PIM based capital estimates are not reliable (p. 67). 
 
      In this paper we propose an alternative indirect method that allows estimation of the 
stock of capital without extraneous information on benchmark capital, and retirement and 
depreciation, as required by PIM.  The basic requirements to apply the method are time 
series data on GDP, employment, and gross fixed capital formation. Assuming real GDP 
is related to employment and the stock of capital through the usual Cobb-Douglas 
production function with constant returns to scale, and the stock of capital diminishes as a 
result of year-to-year wear and tear and increases by gross fixed capital formation, 
estimates of benchmark capital and the depreciation are obtained by minimizing the gap 
between observed GDP and potential GDP, with PIM imbedded into the optimization 
procedure. The result is a time series of the capital stock that is consistent with minimized 
GDP gap over the sample period along with estimates of the elasticity of production of 
labor, benchmark capital, the depreciation rate, and total factor productivity growth 
(TFP). 
 
     The details of the optimization procedure are outlined in the next section. The third 
section applies the optimization procedure to data from Dubai, United Arab Emirates. 
Summary and conclusions are in the final section. 
 
2. Model 
 
     We start with the standard assumption that the stock of capital accumulates according 
to the PIM equation 
 
         1(1 ) ,t tK K G                                (1) 
 
where t is time,   is the (constant) depreciation rate , and G is real gross fixed capital 
formation. When benchmark capital 0K  and   are known, repeated substitutions of 
lagged capital stock in equation 1 yields the capital stock time series 
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where t is the end of the time period. 
      
Next we follow convention and assume potential GDP is determined by labor, capital, 
and TFP through the Cobb-Douglas production function1 
 
         1( ) ,cap

t t tGDP f t L K                                                                                 (3)                           

                                                
1Among the major economic institutions that estimate potential GDP likewise are the International 
Monetary Fund (Adams and Coe, 1990), the OECD (Torres and Martin, 1990) and US 
Congressional Budget Office (CBO, 2001). 
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where, for each period t, 
 
          capGDP = real GDP capacity, 
           L =  labor use, 
           K = stock of capital, 
            f  = TFP, 
 
and  is the elasticity of GDP with respect to labor use. Evolution of TFP is assumed to 
take the form 
 
           ( )f t e                                                                                                 (4) 
 
where   is a scaling factor,   is the annual percent change in TFP, and  an index of 
technology. 
 
     However, the potential GDP that is pertinent in our case is not maximum sustainable 
output, but maximum attainable or frontier output (Oulton, 2004). In contrast to 
sustainable output, defined as “the level of real GDP in a given year that is consistent 
with a stable rate of inflation (CBO, 2001)”, attainable output is the level of real GDP is a 
given year that is consistent with most efficient utilization of labor and capital relative to 
full capacity output (Bansak et al., 2007). 
      
If we denote the gap between observed and frontier GDP by 
 
           0.cap

t t tGDP GDP                                                                               (5)                                      
 
we can construct the following optimization program to determine the elasticity of 
production with respect to labor ( ), benchmark capital ( 0K ), the depreciation  
rate ( ), TFP growth ( ), and the scaling factor ( ) 
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 3. Application 
 
     In this section we illustrate the application of the optimization procedure using data on 
the 10 sectors that make up Dubai’s Gross Domestic Product (GDP). The sectors are 
agriculture; mining and quarrying; manufacturing; electricity, gas, and water; 
construction; trade, restaurants, and hotels,, transport, storage, and communication; 
Finance and insurance; real estate and business services; and social and personal services. 
The time series data on GDP, labor, and gross fixed capital formation (GFCF) for each 
sector for the 1985-2005 period are in Table 1, in the Annex. The sectors' respective 
parameter and capital stock estimates obtained through the optimization procedure are in 
Table 2, in the Annex. Tables 3 and 4 present a summary of Table 1 regarding the 
evolution of  GDP and labor. 
 
 

Table 3. Evolution of GDP by sector in Dubai (million UAE Dirham at 1995 prices) 
Sector 1985 1995 2005 
Agriculture 132 264 818 
Mining and quarrying 44 67 87 
Manufacturing 3418 4677 15820 
Electricity, gas and water 719 813 1652 
Construction 2065 3464 13054 
Trade, Rest., Hotels 4253 7897 29230 
Transport, Communications 1678 4490 13540 
Finance and Insurance 1862 3409 12789 
Real State, Business services 1496 4389 13248 
Social and personal services 1064 1189 3351 

 
 

Table 2. Evolution of Labor by sector in Dubai (number of people) 
Sector 1985 1995 2005 
Agriculture 3591 6985 11631 
Mining and quarrying 300 530 815 
Manufacturing 21813 47550 132093 
Electricity, gas and water 4375 4300 8103 
Construction 22815 69230 227251 
Trade, Rest., Hotels 42388 96220 276211 
Transport, Communications 21710 34867 74724 
Finance and Insurance 4586 8999 16899 
Real State, Business services 690 10975 29330 
Social and personal services 34287 53131 105428 
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     Taking agriculture as an example, the parameter estimates in table 2 are read as 
follows. The benchmark capital for this sector is 33 million UAE Dirham (AED) (1 US$= 
3.67 AED). In addition, assuming perfect competition and profit maximizing behavior in 
the sector, the share of labor is 27% and the share of capital is 73%. Total factor 
productivity growth in the sector grew at an annual rate of 0.52 percent from initial base 
of 0.73. The average annual rate of capital depreciation is 6%. The other sectors' 
respective parameter estimates can be read in a similar manner. 
 
     Agriculture is one of three sectors for which we were able to obtain reasonable 
estimates of the parameters without imposing additional constraints.  The other two 
sectors are finance and insurance; and real estate and business services. For the rest of the 
sectors, additional constraints on the range of the parameters were needed to ensure the 
initial stock and, hence, the capital stock series are within an economically meaningful 
range.  For example, the rate of capital retirement and depreciation in the mining and 
quarrying sector was fixed at an annual rate of 19 percent. In the case of manufacturing, 
the share of labor and the depreciation rate were fixed at 0.22 and 15%, respectively. An 
underlined value for a parameter in Table 2 means that parameter was fixed at that value. 
 
     As there are no other existing data on Dubai capital stock, it is not possible to tell how 
far off or close our estimates are to estimates that could have been obtained using other 
methods.  But as we stated at the outset, the other methods are also prone to error and, 
above all, too costly to implement. In the light of that, the contribution of this paper is to 
add to the menu capitol stock estimation methods another method that researchers 
elsewhere can implement and, if possible, compare with other methods. 
 
4. Conclusions 
 
    In this paper we have shown how optimization through linear programming can be 
used to estimate the capital stock given data on GDP, labor, and gross fixed capital 
formation. By minimizing the gap between observed and attainable GDP, subject to the 
constraint that capital grows according the standard perpetual inventory formula, and 
GDP is related to employment and the capital stock through the Cobb-Douglas 
production function with constant returns to scale; the optimization procedure yields the 
capital stock, the production function parameters, the rate of capital retirement and 
depreciation, and the rate of total productivity growth. The procedure is applied to data 
from Dubai, providing the first-ever estimates of the capital stock for the Emirate. 
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